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A NONLINEAR OPTIMAL CONTROL

MINIMIZATION TECHNIQUE

BY

RUSSELL D. RUPP(l)

ABSTRACT. Hestenes' method of multipliers is applied to a nonlinear op-

timal control problem. This requires that a differentially constrained problem

be embedded in a family of unconstrained problems so as to preserve standard

sufficiency criteria. Given an initial estimate of the Lagrange multipliers, a

convergent sequence of arcs is generated. They are minimizing with respect

to members of the above family, and their limit is the solution to the differen-

tially constrained problem.

1.  Introduction.   The problem here considered is to minimize

2

lix) = gib) +  f       Lib, t, xit), uit))dt
J Tl

subject to the differential equation

xit) = fib, t, xit), uit))-

Our technique is the method of multipliers suggested by Hestenes [3, pp. 305 et

seq.].   This method requires neither the solution of the dynamics nor the presence

of a singularity in the penalty terms.   Such a singularity may be insignificant if

the Lagrange multipliers are near zero.   However in general, this is not the case.

Hestenes' method of multipliers is to embed the differentially constrained

problem in a family of unconstrained problems so as to preserve standard sufficiency

criteria.    Given an initial estimate of the Lagtange multipliers, a convergent se-

quence of arcs is generated.   They are minimizing with respect to members of the

above family, and their limit is the solution to the differentially constrained prob-

lem.

Hestenes [4, p. 309], and [3, p. 514], has modified constrained problems to

unconstrained ones.   In [4, pp. 308—310], he suggests algorithms which may

approximate the minimizing arc.   The author [7] has obtained a sufficiency theorem
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suitable to applications of Hestenes' method of multipliers.   The family of uncon-

strained problems is obtained via results in Hestenes [l] and the author [8], [9].

In [5] and [6], the author has applied this technique to a classical isoperimetric

problem and a quadratic optimal control problem.

Let  3?  be an open set in the (2» + m + r + l)-dimensional space of points

(b, t, x, x, u).   The (real-number) components of the vectors  b, x, x, u ate denoted

by bh, x\ i ', uk; h = 1, 2, - - - , r ;  i = 1, 2, • • • , «; k = I, 2, • • ■ , m.   Unless

otherwise indicated, the indices zb, i, k always have the ranges indicated above.

Similarly, the index s  below always has the range  s = 1, 2.   By fb-space, we mean

the space of points  (b , b , •••, br).   The similar statement holds with respect

to the other combinations of variables.   Let X IS (b) be real-valued functions de-

fined on the projection of  ÎÎ into fb-space.

Let constants   T    < T     be given.   By an ate x, we mean a collection of con-

stants and real-valued functions

(1.1) x: bh, x'(t), ukit)

such that:   The functions xl(t) and u    (t) have domain  T l < t < T 2.   The func-

tions xl(t) ate differentiable, and the derivatives  xl(t) ate piecewise continuous.

The functions  u    (t) ate piecewise continuous.   Let b,  x (t), and  u(t) be the

vectors whose components are given by (1.1) above.   The arc x in (1.1) is usually

written x :   b, x (t), u(t).   An arc x :   b, x (t), u(t) is called admissible if (zb, t,

x(t),  x(t),u(t)) is in S for 7 ' <   t<   T2.   An admissible arc x:   b,x(t),u(t)

is called terminally admissible and is said to belong to the class  §1 if x ' (T s ) =

X IS (b).   We say that an arc x :  b, x (t), u(t) is smooth or has no corners if x(t)

and u (t) ate continuous.

By a zbfxxzz-neighborhood of an arc x : b, x (t), u(t), we mean a neighborhood

ït in zbfxxa-space such that zb, t, x (t), x(t), u(t) is in 51 for T l < t < T2. The

similar definition is made with respect to the other combinations of variables such

as btx. Unless othetwise indicated, repeated indices denote summation with re-

spect to that index. For example, given an / -dimensional vector v with compo-

nents v , the norm of v is |v| = (v v )/l. If v were a real number, this norm

would be its absolute value.

Let the functions  L(b, t, x, u) and fl(b, t, x, u) be continuous on the projec-

tion of 3?  into zbfxzz-space, and let the function g (zb) be continuous on the projec-

tion of ÎÎ into fb-space.   Let f(b, t, x, u) be the vector-valued function whose

components are given by fl(b, t, x, u).   An admissible arc x: b, x (t), u(t) is said

to be differentially admissible if

(1.2) x(t) = /(zb,f, xit), uit)).

The functional I (x) is defined by
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rT2
lix) = gib)+ Lib, t, xit), uit))dt
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where  x:  b, x (t)y u(t) is an admissible arc.   The problem here considered is to

minimize  I (x) on the class of differentially admissible arcs in  21.
L

The assumption that an arc x: b, xit), u(t) be such that  x  (/) and u    (t) are

piecewise continuous is not necessary.   Essentially the same results could have

been obtained in the same manner if  x'(t) and  u    (t) were only square integrable.

On the other hand, the assumption that  T     and  T     ate constants seems to be

technically necessary.   Suppose, however, that T    = T   (b) and T    = T   (b)

were functions of the parameter b.   In this case, the change of variables defined

by t —» 0 < s <  1  where

s = (t-TX(b))/(T2(b)-TX(b))     and     TX(b)<T2(b)

puts the problem into the form we are considering.

2.  Sufficiency criteria.   In this section, we give sufficient conditions for the

smooth, terminally and differentially admissible  arc x  :  b , x At), uAt) to mini-

mize  /(x) over the set of all terminally and differentially admissible arcs which

lie in a (2/x-neighborhood 5fl of x      Necessary conditions are given in Hestenes

[2, pp. 346 — 351].   The other purpose of this section is to show the relation be-

tween the class of arcs considered here and by the author in [7].

We begin with some continuity and differentiability assumptions.   In a b-

neighborhood of the arc x     we assume that g ib) and  X 's (b) have two continuous

¿-derivatives.    In   a è/xa-neighborhood of the arc x     we assume that  L (b, t, x, u)

and fib, t, x, u) have two continuous èxzz-derivatives.   Furthermore, we agree to

denote differentiation with respect to  b     by the subscript  h.    For example, we

write  d/dbh Xis (b) = X* ¡b).

Let  p0-(t),  T    < t < T   , be continuous Lagrange multipliers (costate  varia-

bles) associated with the arc x       We usually write such multipliers as a vector

function  p0(t) whose components are given by p..(t).   Let

Hib, t, x,  u, p) = pjKb, t, x, u) - Lib, t, x, u).

Sufficient conditions that the arc x    with multipliers pn(t) be minimizing are that

(2.1) through (2.4) below hold.  If all of the arguments in (2.1) through (2.4) are not

written in, we assume that they are taken with respect to  b , xAt), xAt), u   it),

v<>- 2     2
(2.1) Transversality.   gh + X ̂  pf |J. j + / J ¡ H¿ dt = 0.

(2.2) Euler equations (integral form).   ?•(/) = /'„   H    • dt + p At *),   T l < t* <

T2, and H ,   = 0.
M*
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(2.3)  Weierstrass condition.   Let  Q   (x, u) = [l + |x | 2 + |a|2]1/2, and let   5)

be the set of all points  (zb, f, x, x, a, p) such that x = /(zb, f, x, a) and (zb, f, x, x,

a) is in  SR .   There is a zbfxxzzp-neighborhood  31 of x     and a positive constant  r

such that:   For (b, t, x, x   (/), aQ (f), ?0(O) in  51 n  3 and (fb, t, x, x, a, p0(0) in

2), one has

- Hib,  t, x, u, p0it)) + Hib, t, x, uQit), p0it))

+ iuk - u*it))H  kib, t, x, uQit), p0it))
u

>  T [Q(x -XQ(f),  U   - UQit))].

(2.4)  Positiveness of the second variation.    An admissible variation 77 is a

collection of constants and functions  77:   ß   , rj'(t), p   (t)  such that:   The  ß

ate constants.   The 77 !(f) are absolutely continuous functions on  T    < t < T

which have a square integrable derivative.   The  p   it) ate square integrable func-

tions on   T l < t < T   .   The admissible variation  77  is called terminally admissi-

ble with respect to the arc xQ if the secondary end conditions hold: rfÍTs) = Xl^ßh.

Let ß, 77(f), and pit) be the vectors whose components are given by 77 above.

The admissible variation  77 is usually written in the vector form  77: ß, 77(f), pit).

This admissible variation  77 :   ß, 77(f), pit)  is said to be differentially admissible

if, almost everywhere in  T    < t < T   ,

hiit) = fhßb + fijTli + fikrlk-
x u

Let  77: ß, 77(f), pit) be a nonzero  differentially and  terminally  admissible

variation with respect to x , p      Let

Qiß) = ghlßhßl + x'hslPt\TT]ßhßl

and

- 2co = H   .   .77 V + H  k  /ft' + Hhlßhßl + 2H   . kr]'pk + 2/7   . r,'ßh + 2H  k pkßh.
u   u x h u   h

T 2
We assume that the second variation ¡2 (77) = Q iß) + / _ j  2co dt  is positive.

An arc x :   b, x(t), u(t) which satisfies the Euler equations with respect to

multipliers  p (t) is called an extremal  x with multipliers p.   We sometimes refer

to x, p as an extremal pair.   An extremal which is also a terminally admissible

arc is called a terminally admissible extremal.    An accessory extremal is an ex-

tremal for the second variation with respect to a minimizing arc and its multipliers.

Finally, we remark that in view of Theorem 3.3 (Rupp [7]), the assumption (2.4) of

positive second variation could actually have been made with respect to a slightly
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smaller class of terminally admissible variations.

We now demonstrate how the class of arcs here considered may be put in the

form considered by the author in [7]..   Let x:  b, x(t), u(t) be a terminally admissi-

ble arc.   We introduce new state vectors x" +   (/) and end condition parameters bT +

by defining

x"+kit) =   V l ukis)ds    and     br+k = Ç j ukis) ds.

The new end conditions are

x"+kiTl) = 0    and    xn+fe(T2) = br+k.

Thus the terminally admissible arc  x:  b, x (t), u(t) is equivalent to a terminally

admissible arc without any control variables.

It now only remains to associate metric space parameters with this new class

of arcs.   The proper parameters for our purposes are the continuous Lagrange

multipliers p (t) on  T    < t < T     and the real numbers  £.   The components of

p (t) ate given by p (t).   We often write these parameters in the form (p, <f).   They

are referred to as parameters   (p, ¿j) or as multipliers  p with parameter zf.   They

form a normed linear space with norm given by  sup   \p(l) | + |zf |.    The associated

metric is  sup^ |p (t)-p *(/) | + |£-£*|.

Thus in the obvious manner, a terminally admissible arc x  with parameters

(p, <f) is equivalent to an arc in the class considered in [7].   The terminally ad-

missible variations considered here and those considered in [7] correspond in the

analogous manner.   Thus the theory developed in [7] is applicable to the present

problem..

3.  A sufficiency theorem.   This section contains the sufficiency results which

are necessary to an application of Hestenes' method of multipliers.

Let the smooth terminally admissible arc x   :    è     xfí(t), ufí(t) and the contin-

uous Lagrange multipliers pQ(t) satisfy (2.1) through (2.4).   As was demonstrated

in §2, the arc xQ  with parameters   (p, zf) = (p     0) is equivalent to an arc in the

class considered by the author in [7].   Define the function   F (b, t, x, x, u, p) by

F(b, t, x, x, u, p) = p .'xl - HÍb, t, x, u, p).

This first theorem establishes the existence of a family of unconstrained problems

to which the sufficiency theory in [7] applies.

Theorem 3.1.   There is an infinitely differentiable function C (b, t, x, x, u)

with the following property:   Let

fyib, t, x, x, zz, p, rf) = Fib, t, x, x, u, p) + VilCib, t, x, x, u) +£]|x - fib, t, x, u)\2.
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The arc xQ with parameters  (p     0) and the functional

/(*. P, d = zS(è) + JTj   §(fb, f, x, x, u, p, Odt

satisfy the hypothesis of Theorem 3.1 (Rupp \l]).

In order to prove this theorem, we observe that (2.4) implies the following:

Whenever 77: ß, 77(f), pit) is a nonnull terminally admissible variation with re-

spect to x    and

Qiv)=(Tl\i-fhßb-f tf-f y\2*-o,
J 7- X u

one has  /2(7/) > 0.   Furthermore, (2.3) implies by Lemma 2.3 (Rupp [9]) that along

the arc xQ with parameters (p., 0) the following holds:   Whenever for (II,, IJJ /

0, Öjdlj, Il2)= IBj-/   /n/2|2 = 0, one has

ß2(ni'n2) = 2F..fenin* + F k/n*n<>o.
X   u u   u

This means that Lemma 1 — 5.1 (Rupp [8]) applies.   Thus thete is a positive con-

stant  C    such that, when evaluated at x     with parameters (p., 0), the integral

functional

(3.1) JTj [Fib, t, x, x, u) + lACl\x -fib, t, x, u)\2]dt

has positive second variation and such that the integrand in (3.1) has a positive

definite matrix of second partials with respect to the xa-variables.

Our object is now to ensure a suitable Weierstrass condition.   Let the compact

set  ®  and the closed set  5) be defined by

S = \(b, t, x, k, u, p, 0): b=bQ, T1 < f < T2,

x = xQ(t), x = xQit), u = uQit), and p = z50(f)i>

® = lib, t, x, x, u, p, £): x = /(tb, f, x, «)}•

By Lemmas 2.2 and 2.4 (Rupp [9]) there is a positive constant  r    such that for

(b, t, x, x, u, p, 0)  in  $, and  (zb, f, x, x, ¿z^ fz, 0)  in  5),

[G(x - x, u - u) - l] > rjE_       U, /, x, i, zz, x, a)

u 'x'~l
where

E_ .     .(zb, f, x, x, a, x, u) = - /'(tb, f, x, a) + /'(fb, /, x, a) - (afe - uk)f ,ib, t, x, u).
x  — I u

Thus by the Weierstrass condition (2.3), there are positive constants  8 and  r2

such that, upon defining the compact set   .n     by
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8* = \ib, t, x, x, u, p, 0- \b - b0\ + \x - xQit)\ + \p- p0it)\ + |£| < 8,

x = xQ(t), u = uQit), T1 <t < T2,  and  X = fib, t, x, u)\,

one has for  (b, t, x, x, u, p, <f ) in   S    and  (è, /, x, x, a, p, cf)  in   5),

where

EF(r>, t, x, x, u, x, ui p) > r2[Q(x' - x, u - u) - l]

E   ib, t, x, k, u, x, u, p) = Fib, t, x, x, u, p) - Fib, t, x, x, u, p)

- (x ' - x')F# Kb, t, x, x, u, p)
x

-iuk - uk)F  kib, t, x, x, u, p).
u

Hence Theorem 3.3 (Rupp [9]) implies that there is a nonnegative infinitely differ-

entiable function C Ab, t, x, x, u), a positive constant  r ,, and a neighborhood

5ft     of S such that the following holds: Let

fyib, t, x, x, u, p, cf) = Fib, /, x, x, u, p)

+ VilCx + C2ib, t, x, x, u) + ¿;] \x - fib, t, x, u)\2.

One has for (b, t, x, x, u, p, ¿j) in  5ft   n  S    and  (b, t, x, x, u) in 5ft,

Ff,(¿>, /, x, x, u, x, u, p, ¿f) > r [Q(x - x, u - u) - l]

Fp/è, í. «. *> u, x, u, p, 0 = Ç(è, /, x, x, z/, p, cf) - §(/3, /, x, x, zz, p, zf)

- (x ' - x!)§#  ib, t, x, x, u, p, 0
X

-iuk - uk)5¡>   kib, t, x, x, u, p, 0.
u

Now note that  5ft    n  ,tÎ    plays the role of S    with respect to the compact set  Ë

in Theorem 3.1 (Rupp [9]).   Thus there is a neighborhood    5ft     of ® anda positive

constant  r    such that for  (b, t, x, x, u, p, çf)  in  5ft     and  (b, t, x, x, u) in  5ft,

Eçib, t, x, x, u, x, u, p, £)> r4[C(x - x, u - a)].

It is now easy to verify that  C (b, t, x, x, u) - C   + C Ab, t, x, x, u) is the infi-

nitely differentiable function which we sought to construct.   This proves the

theorem.

Under appropriate circumstances the function  C(b, t, x, x, u) may depend

only on some of the indicated variables or may be a constant.   See Rupp [9, '§3].

Let x: b, xit), u(t) and x   : b , x   it), u   (/)  be terminally admissible arcs.   We

define



364 R. D. RUPP

3)U, **)- \b -b*\2 + jT] [Q(x -x*,u- u*) - 1]« A.

As a corollary of Theorem 3.1 and Theorem 3.1 (Rupp [7]), we have the sufficiency

theorem below.

Theorem 3.2.    Let the smooth, differentially and terminally admissible arc

xQ: zb0, xQ(i), uQ(t) and the parameters  (p(t), £)= (p0(t), 0) satisfy (2.1) through

(2.4).   There are positive constants   r , r     ry a neighborhood 5ß of p , and a

btx-neighborhood 51 of x    with the following property:   Let parameters  p  in  5ß

and —T.<£<T.be given.    There is a corresponding smooth terminally admissi-

ble minimizing arc x(p, rf) = x     in  5i.    That is, given a terminally admissible

arc x: b, x (t), u(t) in  51, owe has

(3.2) J(x, p,0> J(x* p, 0 +?3Xx, x*).

Thus for each />  in   I  and  — t. < <f < r     we have a simple (in other words

unconstrained) minimization problem.   When  (p, ¿;) = (p     0) this simple problem

is equivalent to the original one since on the class of differentially admissible

arcs,

(3.3) ]ix, p, 0 = I(x).

This proves Corollary 3.1.

Corollary 3.1.    Let the smooth, differentially and terminally admissible arc

x  : b , x   (t), u   (t) and its continuous multipliers  pa(t) satisfy (2.1) through

(2.4).   There.are a btx-neighborhood 51 of x    anda positive constant  r   such

that: Given a differentially and terminally admissible arc  x: b, x (t), u(t) in  51,

one has  I (x) >  / (x  ) + r   3)(x, x  ).

This next corollary is a maxmin principle.

Corollary 3.2.    Let the situation in Theorem 3.2 hold.    One has that

AxA = max min jix, p, ç)
0        ç*    a*

where  ^3    is the Cartesian product of f> with -r.  < Ç <   r, and  21    is the class

of terminally admissible arcs in  5Ï.

In order to prove this corollary, we observe that by Theorem 3.2, one has for

(p, f)  in  "$* and  x * = x (p, £),

(3.4) ](x0, p0, 0) > Jix*, p, 0 + r%x*, x0).

Thus the corollary follows from (3.4) and (3.3).

The family of minimizing arcs  x(p, Ç) which is described in Theorem 3.2

has some important continuity and differentiability properties.   We state them
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below as Theorem 3.3.

Theorem 3.3.    Let  x (p, <f): bip, cf), x(t, p, f), u(t, p, cf) be the family of

minimizing arcs described in Theorem 3.2.   There are positive constants   r  , r

and a neighborhood  5ß  of pn  such that: For p  in  Ç and —r. < cf <  ry the func-

tions

bip, zf),       xit, p, cf),       x(/, p, cf),       u(r, p, cf)

are continuous and have two continuous ¿^-derivatives.

In order to prove this theorem, we choose positive constants  r , r     and a

neighborhood 5ß  of p.  such that Theorem 3.2, Corollary 5.1 (Rupp [7]), and Corol-

lary 5.3 (Rupp [7]) all hold for p in  ^  and -r   < cf < r      Let p be in  5ß and

- r   < <f <  r .   By Theorem 3.2, there is an associated terminally admissible mini-

mizing arc x (p, <f).   This arc x(p,cf) satisfies the Euler equations and transver-

sality condition with respect to the parameters  (p, cf ).    Hence Corollary 5.1 (Rupp

[7]) and Corollary 5.3 (Rupp [7]) imply that the family x (p, cf ) has the required

properties.   This proves the theorem.

The next theorem shows that the arc x     is minimizing in a slightly stronger

sense than that indicated in Theorem 3.2.

Theorem 3.4.    Let x(p, cf): b (p, cf),   x(t, p, cf),   u(t, p, cf)  be the family of

minimizing arcs described in Theorem 3.2.   There are positive constants  r    and

r2 such that, for -rx< t; < ry x(pQ, <f) = xQ.

In order to prove this theorem, we choose positive constants  t     t2 and a

neighborhood   ^ of  p.   such that Theorem 3.2, and Corollary 5.1 (Rupp [7]) both

hold for  p  in  f?  and  -t   < cf < r..   Let  -r, < cf < r.  be given, and let x    =

xipn> £)•    By Theorem 3.2, one has  ] <x, p     cf ) >  / (x , p  , cf)  for all terminally

admissible arcs x  in some ¿/x-neighborhood  5ft of x .   Hence x    and x    both

satisfy the same Euler equations and ttansversality condition.   Thus Corollary

5.1 (Rupp [7]) implies x    = x  .   This proves the theorem.

4.   The algorithm.   The first part of this section establishes some notation and

states an additional hypothesis.   The lattet part contains the algorithm, Theorem

4.1.

We begin with an application of Theorem 3.1.   The functional which we con-

sider is

rT2
]ix, p, cf) = J    i §(è, /, x, x, u, p, Odt.

When cf = 0, we write  / (x, p, 0) = ] (x, p).   Theorem 3.2 implies the existence of

a neighborhood  ^     of pQ,   5ft     of x     and positive constants  r, r     r.. with the
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following property: Given multipliers p in >ß and -r. < rf < r there is a corre-

sponding terminally admissible extremal x(p, ¿;) = x such that for a terminally ad-

missible arc x in  51

/(x, p, a > /(**, *>, a + rux*. x*).

The integral form of the Euler equations associated with the state variables is

(4.1) p. + (C + ÍXV - /') = f   §    A + C.(/*).
z*      x

The constant

(4.2) C{t*) = [p; + (C + #(*'' - /')],_,*

depends on the selection of the point  T '  < f * < T 2.

We now agree that the constants  r , r     r , and neighborhoods  $ß      3i    are so

small that all the theorems and corollaries in §3 apply.   The additional assumption

which we wish to make is that the function  C(b, t, x, x, u) is a constant  C.   This

assumption may be avoided in the following manner:   We are dealing with extremals

which may be taken to lie in an arbitrarily small fbfxxzz-neighborhood  5? of x .

When  5Î is sufficiently-small, there are positive constants  C    and  C    such that

C   > C(tb, f, x, x, u) > C    on 5Î.   Our present results can easily be modified in

terms of such a pair of constants.   Finally we remark that Theorem 3.4 (Rupp [9])

implies that by starting with a slightly smaller and bounded subregion  5R    of  K

instead of $? , the function  C(b, t, x, x, u) could originally have been chosen to

be a constant.

Now suppose that multipliers  p     in  ^ , and real numbers   0 < r < ¿    < r   <

r2 for a = 1, 2, • ■ • , Q- 1  have been given.   Theorem 3.2 implies the existence of

terminally admissible minimizing extremals  x   = x (p  , 0) for a = 1, 2, • • • , Q— 1.

Suppose that, for q =1, 2, • • • , Q-2, pq+i = Pq + Cqi*-f)q + i where  (x-/)? + ,

is the function x-f(b, t, x, u) with atguments given by the arc x According

to Theorem 3.2, there is an arc  x„ in 5! that minimizes the integral ] (x, p„        f o - P

on 31.   We shall show in the next theorem that  Pq = Pq     j + £q    l (^~/)n  is in  ty .

It follows (Corollary 5.1, Rupp [7]) that  x„  minimizes  ] (x, pq, 0) on  51 and

hence that x„ = x(p„, 0).

Theorem 4.1.   There are positive constants  r < r  ,8, K, a neighborhood 5ß of

p., and a btx-neighborhood 51 of x    with the following properties:  Let multipliers

p    in ty be chosen such that  sup\p -pA < 8.   Given constants  r < ¿   < r    for

q = 1, 2, •••, one may define multipliers in  ^  by

(4-3) ti+l-Pi + tp-fli+V

Furthermore, the minimizing arcs  x    = x ip  , 0) are in  5( and converge as indicated

below,
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(4.4)      U \b    ~bA
'a 0 ' J!."*< \dt)

The proof of Theorem 4.1 is an application of Theorems 3.2, 3.3 and the two

lemmas below, 4.1 and 4.2.   The proof of Lemmas 4.1 and 4.2 is given in §7.

Lemma 4.1. Let multipliers p for q = 1, 2, • • • , Q- 1 be defined in ^ by

(4.3), and let r be the positive constant in (3.2). The inequality below is valid

for a = 1, 2, .... Q- 1,

f I  U,

(4.5)

Pol

2

> r

dt

JiA -P0\l* + 4n3)iXci+x,x0) + r2S\\ix-f)q + x\2d,

Lemma 4.2.    There is a neighborhood *$ of p    and positive constants  r    and

K such that the following holds:   Suppose that the multipliers  p    are defined in

5ß and that  0 < cf    < r    for q =  1, 2, • ■ • , Q - 1.   The inequality below is valid

for a= 1, 2, .... Q,

(4.6) sup \pq - p0 + CCx - /) k)[5Xx?, x0)V r•* -i dt

Let the positive constants r    < r     ¿/x-neighborhood 5ft of x     and neighbor-

hood  'P    of pn be chosen so that Theorem 3.2 applies.   Let the positive con-

stants r , K    and the neighborhood  ^    of p_  be chosen such that Lemma 4.2

applies.   That is, whenever multipliers  p     in  ^2  and constants   0 < cf   < r    tot

q = 1, 2, • • • , 0 - 1   ate given, we have for  q = 2, 3, • • • , Q,

(4.7)   sup|(p ,V + a* -/)9i < ,ysxv *0)]K + [j^i^-Poi2^],/!

Choose positive constants  r and r     such that  0 < r < r   <   min I t     t   \.   We

note that the positive constant   R - C (r + C )~     is less than one.    Let  ^ = ^5   n

P2, and let  r    be the positive constant in (3.2).   Furthermore, let   K    =

2r   K   ir   + C)~     max|l, ÍArr )~   \.   Now let the positive constant  8 be chosen

such that the neighborhood of pn of radius

(i + k2|t2 TT7U -R))8

is contained in   Í5.

Let multipliers  p     in  ^P  suchthat  sup \p   - pA < 8 be given, and let con-

stants   T <  ¿    <-  M - be given.   Suppose that multipliers  p    for

I    r0

r* tot q = 1, 2,

q - 1, 2, •••,0-1  have been defined in  ^P  for  Q - 1 >  1.    Furthermore, define

for  q = 1, 2, ..., Q
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3)   = [®(x , xA]Vl    and     P
q 1      U <?

Now observe that for a = 2, 3, •••• Ö, one has

Substituting (4.8) into (4.7), we obtain for  a = 2, 3, • • • , Q

(4.9) supl^-^Rsuplp^j-pJ   +   ^JCjif' + O-^ + P^.

Thus Lemma 4.1 implies for a = 2, 3, • • •, Q

•(4.10) sup |p9 - p0\ < R sup |p^_x - p0\ + K2Pj

where  K2 = 2 r*K, (r* + C)~ l max i 1, (4 rr )~ M.   Hence (4.10) implies

(4.11) sup |pQ - p0| < R0" 1 sup \Pl -p0\ + K2[Z «7 P,.
7=0

However (4.11) implies

(4.12) sup \pQ - p0\ < (1 + K2|T2 - T^/d - R))sup |z), - /70|.

Thus (4.12) implies that the multipliers   pn ate in ^!.   This proves that the se-

quence  p    of multipliers is defined in  ^ß  and that the sequence  x     of minimizing

arcs remains in 51.

In order to prove (4.4), we obtain by Lemma 4.1 for  a = 1, 2, • • •

r2 „2

fi^-'ol'a-j'^lf.+i-Pol2*,
(4.13) r

,0|2rfr

Summing (4.13) over a = 1, 2, • • •, we have

2 2

JT, If, -p/a-f-lim infJ"T    \p   - p,
T T

(4.14) °o „        2

>4n    Z   2)U ,xJ   +^2 £  \T, \ix-f)  \2dt.
27=2 «      ° cj=2JT1 q

Thus (4.14) implies

(4.15) lim §ixq, x0) = 0.

Hence (4.15), Theorem 3-3, and Lemma 2.1-(Rupp [9]) imply (4.4).   This proves

the theorem.
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The last inequality (4.14) is interesting in its own right as it gives a rate of

convergence estimate.   In §6, we consider this topic in more detail.

5. Examples.   Free problems from the calculus of variations may be used to

illustrate the preceding theory:   Suppose one wished to minimize

2

/(x)= |T   fit, xit), kit)) dt
T

over a suitable class of arcs.   When the differential equation

(5.1) xit) = uit)

is adjoined, this yields the problem of minimizing

¡ix, u)= r fu, xit), uit)) dt
T1

subject to (5.1).

It is instructive to consider the case when /(/, x, x) = 54 (x   — 1)    or  (x   -x2).

In the first instance, the problem would be to minimize

lix, u) = M Ç íu2 - l)2dt

over the class of arcs determined by

x-u = 0,       x(0) = 0,       x(l) = l.

One verifies that the arc and multipliers

x0 = /,        zz0 = l,       p0=0,

satisfy the sufficiency hypotheses for a minimum in a xxzv-neighborhood.   The al-

gorithm (4.3) can be explicitly verified when the initial multiplier estimate is an

arbitrary constant.   In the second case, the problem is to minimize  7 (x, u) =

/ jf (u2 -x 2)dt  subject to x (0) = x (1) = 0,  x -u = 0.   The sufficiency criteria ap-

plies to x    = u    = p    = 0, and explicit verification of the algorithm (4.3) is again

possible when the initial multiplier estimate is an arbitrary constant.

Of course, the algorithm (4.3) is of most value when it is not a simple matter

to solve the constraints (1.2) for  a  as a function of the other variables.    Examples

of that type are easily concocted:   Let (1.2) be given by x = u   —x.   Over  0 <

T l <  t < T 2, a suitable integrand would be  L (t, x, u) = x2 + u2 (e 2t -1).   One

verifies that the sufficiency criteria is satisfied by x    =1,  zz    = 1, p    = e      — 1,

where the end conditions are x (T   ) = x (T   ) = 1.

6. Convergence estimates.    In this section, we estimate how fast and in what

manner the algorithm given by (4.1) converges.   Throughout this section, we assume

that the situation described in Theorem 4.1 holds.   This first theorem is an
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immediate consequence of the inequality (4.7), which was used in the proof of

Theorem 4.1.

Theorem 6.1.    We have the following convergence estimates on D (x  , x   ) and

/v.i<*-/>ti2*

(6.1) X ®(xi,x0)<(4^)-1/Ti|p1-p0|2a'/,

~     z-T.2 -^2

9=2       T1 T

Theorem 6.2.   Suppose that   cf   = r /or o = 1, 2, •••.   The inequality below

holds for q, k = 1, 2, • • • .

T ~

(6.3) 2

J T1

In order to prove this theorem, we first verify the  identity, for  q, k = 1, 2, •••,

(6.4) T

= [/(%■ P*> - /<** Pt)l + [/<«*. P^ - /<*,' P,«-

Let   r   be the positive constant in (3.2).   Thus (6.4) and Theorem 3.2 imply for

q, *-l, 2, ...

.2

T
(6.5) . f t (p9( _ p J[(x - /); - (x - fYk]dt > 2^(x<?, ,4).

Hence for  a, & = 1, 2, • • • , one may expand the right-hand side of

to obtain (6.3), which proves the theorem.

Setting  k -q — 1  in (6.3) and summing, we obtain the following corollary.

Corollary 6.1.    The estimate below is valid for k > 2.

(6.6) £  %íxq,xq_x)<(An)-x¡T\\pk-pk_x\2dt.
q-k T
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In order to state the next lemma, we need some more notation.   Let the neigh-

borhood  ^3 of  p.   and positive constants   r     r    be such that Theorems 3.2 and

3.3 apply.   Let multipliers p  in  ^  and the parameter  — T. <   £ <   ¡"be given.

By Theorem 3.2, this defines a f-parameter family of minimizing arcs and multi-

pliers associated with the functional  / (x, p) = ] (x, p, 0).   We write this family

(6.7) xiO: b(£), xit, ¿A, u(t, 0,

(6-8) pic;) = p + £x - /](£),

where  [x-f] (rf)  is the function x-f with arguments given by  x (rf ).

Theorem 3-3 implies that the functions  b it;),, xit, Ç),  x (f,  Ç),   uit, £) have

two continuous ^-derivatives.   Thus the family of ^-derivatives of x í¿¡) can be

seen to be a family

(6.9) rjicf): f3(0, V(t, 0, pit, 0

of terminally admissible variations with respect to x(f).   One need only differ-

entiate the terminal conditions

(6.10) x'ÍTsíbíO) = XtsibiO)

with respect to rf to obtain the secondary terminal conditions

(6.11) q'ÍTs) = X'hsßh.

Differentiating (6.11) again with respect to ¿; , we obtain an additional secondary

terminal condition,

(6.12) dr,'ÍTs, 0/dÇ = X^ßhßl + X'hsidßh/dO-

This condition (6.12) is used later on in the proof of Lemma 6.1.

We continue by defining

2

*i0 = K J T,  \l* - fW\ 2 dt     and     ](0 = JíxíO, pit)).
r1

Furthermore, we define J :í¿¡) and J2i£) to be the first and second variations of

] ix.p) with respect to  (x(if), pic;))  and the terminally admissible variation  qi£).

Lemma 6.1.   The relations (6.13) hold.

(6.13) d](Ç)/d£, = if/id,       d2]ÍO/de = difAd/dc; = - J2(0.

In order to prove this lemma, we observe that / j (<f), being the first variation

associated with a minimizing arc and its Lagrange multipliers, vanishes identically

as a function of zf.   That is, one has
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(6.14) ghßh +(T] l§hßh + &   fl* + § . ,-V + §  ^] z// = 0

Differentiating (6.14) with respect to cf, one obtains

(6-!5) ]2i0 + T - £ . Jfg^jS' + #(£)/<# = 0

where
2

r= y   l§hdßh/dt + % w/dt+ç.Ji'/dt + ç ,dpk/d£]dt.
J T x' x1 u*

However, the first order necessary conditions (Euler equations, transversality)

and (6.12) imply that  T = §   . X [] | *= \ ßh ßl.   Thus (6.15) implies

(6.16) dyj(0/d¿: = - }2(¿r>.

On the other hand,

(6.17) dJi¿J)/d¿; = i!ÁO

follows by differentiating / (<f )  with respect to <f and applying (6.14).   Thus

(6.16) and (6.17) imply (6.13).   This proves the lemma.

Theorem 3.2 (Rupp [7]) implies that the second variation of / (x, p, cf )  is

positive with respect to arcs  x  in a è/xxa-neighborhood of x.   and parameters

(p, cf )  near (pn, 0).   Thus by diminishing the neighborhood  5p   and positive con-

stants  r < t    if necessary, we may assume that J 2 (cf )  is positive.

Theorem 6.3.   The inequality below holds for q => 2, 3, • • •,

(6J8) 1ksPj-lk^X.P^>'{r*x\<*-fi^l\2*.

This theorem is proved by applying the mean value theorem to the function

/ (cf )  which  is obtained by letting p - p       j   in (6.8) for q = 2, 3, ■ ■ • •   Thus one

has for fixed  q > 2

(6-19)    /(cf    ) - ](o) = £9     */(o) + ?    y\ d - e)±- ](0Odd.
aç t dt,

Hence by (6.19) and Lemma 6.1, we have for fixed  q > 2

(6,20) --^iTW-f\.^-eq.xiT\ii-m2mde.
T T

Hence (6.20) and the nonnegativity of /2(<f) imply (6.18).   This proves the

theorem.

The corollary below is an immediate consequence of Corollary 3.2 and

Theorem 6.3.
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Corollary 6.2.   Let the situation in Theorem 6.3 hold.   One has
oo 2

Z    \T .   \Cx-f)    \2dt<T-l[lix0)-]ixvPl)].
rj = 2        T

If the differential equation constraints (1.2) are normal relative to the problem

here considered, then one can show

lim sup |p  it) - p0it)\ = 0.

t

For the definition and properties of normality relative to the problem here considered,

the reader is referred to Hestenes [2, pp. 270 — 283].   We begin with the following

lemma.

Lemma 6.2.   // the differential equation constraints (1.2) are normal relative

to the problem here considered, then there are terminally admissible variations

r¡  : ß   = 0, 77   (f),  p   (t) such that

(6.21) $(77,) = pit) - p0it)

where $(77 )  is the vector whose ith  component is  h'—f,  ß   -f .ri'-f', a   •
'<? r I q    * h r q     1 x,   * q     * uk r q

Furthermore, there is a positive constant  K which is independent of q such that

for a = 1, 2, ...

(6.22) sup[|7,9(f)| + |^(f)| + |/x9(f)|]<K.

t

In order to prove this lemma, we first note that by the normality assumption,

there are solutions  (y     v j), (y2, iv2), • ■ ., (yn, vn)  of the system of equations

(6.23) y'O) -/'' At) -f\vk(t) = 0
x' u

where the arguments of f1 .  and f ,   are along x     for some fixed  a >   1.   (If nec-
XJ w« q —

essary, we agree to diminish the neighborhood ¡ß of pQ and the positive constants

8, r < r which occur in the statement of Theorem 4.1.) These solutions iy , v ),

(y 2< vA, • • •, (y  , v ) may also be taken such that

(6.24) v'Cr1) = 0

and such that the matrix

(6.25) ||yj(T2)||

has rank ».   They may also be normalized so that

(6.26) sup[|y.(f)| + |y/f)|+ |t/.0)|] = 1.
t

In particular, (6.26) implies that the entries in the matrix (6.25) are uniformly

bounded.

Fix a >  1.   Let y  it) be a solution of
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(6.27) y*lit)-fy'it) = pq{t)-p0i(t)

which satisfies the initial condition

(6.28) y*'(T1) = 0.

Select constants K,, K,,  •••,  K     suchthat
12 77

(6.29) y*\T2) + K/kT2) = 0.

By (6.24), (6.28), and (6.29), the variation r)  : ß  , r¡   it), p   it) defined by

ßq = 0,       r,q(t) = y*(t) + K.yit),      pqit) = K.v.it)

is terminally admissible. By (6.23) and (6.27), the equation (6.21) is satisfied.

By Theorems 3.3 and 4.1, (6.26), (6.27), and (6.28), there is a positive constant

K which does not depend on a  such that (6.22) holds.   This proves the lemma.

Lemma 6.3.   // the differential equation constraints (1.2) are normal relative

to the problem here considered, then we have

lim   I        \p    - pA2 dt = 0.
J Tl  "?      r0'

In order to prove this lemma, we need that along the pairs  (x , p  )  for a =

0, 1, •■• , the terms gh, §¿, §    ., § .¿, §  k. f k, and L       ate uniformly bounded.

This condition can be satisfied by diminishing if necessary the neighborhood 5p

of p„   and the positive constants  t < r    and 8, which we now agree to do.

Let the terminally admissible variations  rj  : ß   = 0, 77   (/), p   (/)  and positive

constant  K  be as described in Lemma 6.2.   In particular, if one defines the inner

product

-T2

(n, r,*) = ßhß*h + f      W' + h'? ' + P V*]
1* *■

dt,

2
then   || 77   II    =   r¡  , Tj      is uniformly bounded.   Thus there is a terminally admissi-

ble variation r¡Q: ß   = 0, J70(/), P0U) with respect to x.   such that given any sub-

sequence  ¡a   I  of {q\, there is a subsubsequence {qA  such that

(6.30) lim sup I»7     (í)-i/0(í)| =0
t 2

and such that 77 '     and p       converge weakly in L (T   , T   ) to 77'   and p *:.

Furthermore, by (4.4), there is a subsequence {qA of {qA such that

lim b      = bQ,        lim sup |x     (/) - xQ(t)\ = 0,

(6.31) lim x    (/) = xAt)    almost everywhere in  T   < t <T  .

In particular, Egorov's theorem implies that the convergence in (6.31) is almost
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uniform.   Next, we observe that the first order necessary conditions imply that

along (x , p  ) for a = 1, 2, • • •

(6-32) ghßhq + J^ (Wi + Ç^l + Ç^ +$yj>* = 0-

Finally, we have that along (x , p A

(6-33)    stâ+r^tâ+s flo+*.M+* *!>*-<>•
f L X X u

Let a positive constant e be given.   Taking into account the convergence

and uniform boundedness properties which we have indicated above, we see the

following:   There is a positive integer Q depending on e such that, when we

subtract (6.33) from (6.32), we obtain for a   > Q,

(6-34) Si]   \(Pq,  - M*,,  - fbßq,   - f/9,  - /.<>I ¿< < «•

Thus (6.34) and (6.21) imply  lim /       |p     -p. \   dt = 0.   Since the subsequence

T2
¡a.|  was arbitrary, this proves   lim f       \ p   -p A   dt = 0.   This proves the le mma.

Theorem 6.4.   // the arc x     is normal relative to the problem here considered,

then

Um hbq - b0\ + sup[|x9 - x0| + \xq - x0| + \uq - a0|]J = 0,

(6.35)
lim sup |p (f) - p0(f)| = 0.

t

First note that the second limit implies the first by Theorem 3.3.   In order

to prove the second, we observe that by inequality (4.7), which was established

in the proof of Theorem 4.1, for a >  2,

s^p\pq-Po\

(6.36) Í [ct2 "I H i
< R sup \pq_ ,- p0\ + K mixq,x0)]*+     j   x\Pq-PQ\2dt\     I

where  0 < R < 1   and  K  ate constants which are independent of a.    Let r and

r   be the positive constants in (4.5).   By (6.36) and Lemma 4.1, we have for

<?> 2,

sup|pç-p0|

(6.37) T     2 "I y2
<Rsup|p9_1-p0|+[l+(4r?')-1]K   J    JP^^PqI2^       .

Let K*= [1 + (4n)~l]K.    Thus (6.36) implies for a > 2,
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suplpg-Prjl

(6.38) 9-2
<.R*-1sup|pi - p0| + K*  Z  R'

7=0
/;jp,.w-Poi2*]H

Hence by (6.38), we have for q > 2,

supIp2, - p0I < R2q~l supIpi - Pol+ K*(1 -R)_11J' i lp«-i - h\2dtK
2

(6.39)

+ K*Rqiq- 1) .TiiPi-Poi2*]

An inequality similar to (6.39) holds for  2q + 1.   Thus Lemma 6.3 implies (6.35).

This proves the theorem.

7. Auxiliary lemmas.   In this section, we complete the proof of Theorem 4.1

by proving Lemmas 4.1 and 4.2.   Lemma 4.1 is contained in Lemma 7.1 while

Lemma 4.2 is contained in Lemma 7.4.

We assume the notation and hypotheses of §4.   In particular, the positive con-

stants  r, t , r  , a btx-neighborhood  5ft     of x   , and a neighborhood 5p     of p     have

been chosen so that Theorem 3.2 as well as the other theorems and corollaries in

§3 apply.   Multipliers p     in 5ß.   and constants  0 < r < cf   < r    tot q = 1,2, ■ ■ •

Q—l  are given.   Theorem 3.2   implies the existence of minimizing arcs  x    =

x (p   , 0) for q = 1, 2, • • • , Q - 1.   We suppose that for a = 1, 2, • • • , Q — 2, p =

p    +'cf   (x — l)      ,.   Theorem 3.2 implies that new multipliers p„   can be definedr q       ^ q '    q + I r r r Q

by Pq = Pq - , + £A - 1 ̂ *~f^O  wnere (x~f}() ls tne function x — fib, t, x, u)  with

arguments given by the arc xQ.   By the uniqueness of a solution to the Euler equa-

tions and transversali'ty condition (Corollary 5.1, Rupp [7]), the arc xQ   is also

minimizing with respect to the multipliers pQ, that is, xQ = x(p0, 0).

Lemma 7.1.   Let r   be the positive constant in (3.2), and let r be the nonnega-

tive constant described above.   The inequality below is valid for q = 1, 2, • • • ,

e-i.

Vak

The proof of this lemma requires the  identity, for q = 1, 2, ■ • ■ , Q—l,

W*0>   PqA] - /<*,♦!'   Pq + l)] + [J{Xq + V   ̂  " ^V   P<fl
(7.2) .   2

Cx-fY   Ap     .     -pn )dt.1 '    C/ + 1    r CJ + 1      ! r 0    I

T

,7>€-*ol2*
T

f
By (7.2) and Theorem 3.2, one has for q = 1, 2, . . ., Q -1
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(7.3) - fT   (x-fV   ,(p    ,   .-pn  )dt >2rl)(x    ,,xn).

Now observe that for a = 1, 2, • • • , Q - 1

™ = /£ l*t+, - Pol2 * - 2f, j£ (p9 + 1 ,. - P0 ,.)(* - /)¿+1 A

Thus (7.1) follows from (7.3) and (7.4).   This proves the lemma.

Lemma 7.2.   There are positive constants  r    and K and a neighborhood   5ß

of p    such that the following holds: If p    is in ^ß and 0 < ¿;    < r    for a =

1, 2, ...,g-l, then for a= 1, 2, ...,Ö

(7-5) STT] {\\ ~ èol + \\ - *ol + l\ - *ol + 1% - »ou* < K[£(V *<>»* •

In order to prove this lemma, we apply Lemma 2.1 (Rupp [9]). This yields a

fbfxxu-neighborhood 51 of x. and a positive constant K. such that whenever x:

b, x(t), u(t) is in 51, one has

(7.6) (T    [\b - b0\2 + |x - xj2 + \x - x0\2 + \u- uQ\2]dt < K,S)(x, x0).
T

By Theorem 3.3 we choose the positive constant r    and a neighborhood 5ß of p.

so small that x    is in 5t  for a = 1, 2, • • ■, Q whenever p    is in 5ß  and 0 < cf

<  r    for «=1,2, ■ • • , GJ- 1.   Thus (7.6) implies the inequality below for a =

1,2, .... Q.

(7.7) J'' [|*; - bQ\2 + |,; - x0|2 + \x* - x0|2 + \u*q - u0\2]dt < K,5)(x*9. x0).

Thus (7.7) and Holder's inequality imply (7.5) with  K = Kl \T2-Tl |"'/z.   This

proves the lemma.

We now consider the constants  C At   ),

(7-8) Ciít*) = [pi + ÍC + OÍ'xi-ñ]t=t*,

which occur in the Euler equations (4.1) associated with the state variables.   Let

C it   ) be the vector whose components are given by C At   ).   Let C   (f *) be the

vector Cit   ) associated with the arc x    and parameters (p, cf ) = (p  , 0) for a =

0, l.-.-.ß.

Lemma 7.3.   There are positive constants r    and K and a neighborhood 5ß
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of p0 such that the following holds: If p    is  in 5p and 0 < cf    < r    for a = 1, 2,
1 7

• • • , 2-1, /¿e/z /or some  T     < t    < T   , one has for q = 1, 2, • • • , Q

(7-9) W - C0(tq)\ < K W, »0)]H+ |j£ |p9 - p0|2c*j "j.

In order to prove this lemma, we observe that x — fib, t, x, u) has a contin-

uous ¿ixxa-derivative in a è/xxa-neighborhood of x_.   Thus we may choose a

èrxxa-neighborhood 5ft  of x.  and a constant K.  such that whenever the arc x   :

è , x   (/), a   (/)  is in 5ft , one has

(7.10) |i*_ fib*, t, x*, u*)\ < Kxl\b*- bQ\ + \x*-x0\ + |x* - x0| + |«* - B()|].

By Theorem 3.2, we choose a positive constant r .   and a neighborhood 5p    of

p„   so small that x     is 5ft  for z? = 1, 2, • . - , Q   whenever p     is in  5p .   and  0 <

cf     <-r .   for q - 1, 2, • ■ •, Q—l.   Thus (7.10) implies the inequality below for

any T ' < t < T2, a = 1, 2, •••, Q,

(7.11) |(i _ f)q\ < Kxl\bq - b0\ + \xq - x0| + \xq - x0\ + |% - a0|].

From (7.10) and (7.11), we now obtain for a = 1, 2, • • •, Q

.2

y \Cqit)-c0it)\dt
T

-2

(7.12) < CKX JTi l\bq - bQ\ + \xq - x0| + \xq - x0| + \Uq - uQ\]dt

ÇT
+ J   *\P*-Po\dt-

Let the positive constants  r2   and  K2  and the neighborhood  5P2   of p„   be such

that Lemma 7.2 applies.   Let $ = $j n   5p2  and let r    = minjfj, r2¡.   By (7.12),

Lemma 7.2, and Holder's inequality we obtain when  p     is in  ?ß  and  0 < <f     < r

tot a= 1,2, ...,2-1

¡TT\\cq(t)-c0it)\dt

< CKxKpixq, *0)]K + |T2 - Tr[ST*x \Pq - P0I2 4" •

By the mean value theorem for integrals, there are  T     < t    < T     for a = 1, 2,

• • -, Q  such that

(7.14) \T2-Tl\\C it)-CM )|= i7"2 \C it)-CAt)\dt.
T
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Thus (7.13) and (7.14) imply (7.9) with  K=\T2-Tl\-1 max{ |T2-T 11 V\ CKjK.,1.

This proves the lemma.

Lemma 7.4.   There are positive constants r    and K, and a neighborhood ^

of p    such that the following holds: If p     is in ^  and 0 < <f     < r    for «=1,2,

• • •, Q- 1, then one has the inequality below for « = 1, 2, • • •, Q.

(7.15)     sup \pq - p0 + C(x - f)q\ < xh$(xq, ,0)]M + if ^ \pq - p0|2 J T

In order to prove this lemma, we recall that the Euler equations (4.1) associa-

ted with the state variables are

(7.16) p . +(C+ £)(*''-/«') =  P   ¡p   M + Ckt*).
J   *      xl

The function Sp   . (zb, f, x, x, u, p, tf) has a continuous tbxxz/p-derivative in a

zbfxxzzp-neighborhood of (x_, p.).   Thus there is a zbfxxap-neighborhood 51

of (x , p  ) and a constant  K.   such that on  51,

|£   /fb, f, x, x, u, p, 0),-£    .(zb0, t, x     x     u , p , 0)|
X X

(7A7) < KAllb - bQ\ + |x - x0| + |x - xj + |« - «0| + \p- p0\].

Hence by Theorem 3.2, we choose a positive constant  r.   and a neighborhood

ty.  of p. so small that (x , p  ) for « = 1, 2, • • • , Q  is in 5}  whenever p    is in

$2  and 0 < f   < rt for ?=> 1, 2, .... Q-l.   Thus (7.17) implies, for « = 1, 2,

• • •, e.

J T1       x « x°

^Ki JV1**-*«1 + K_*ol + l*t-*ol + K~"ol + IP,-P0I]*

where iç^  and ç denote the function §   . (fb, f, x, x, a, p, rf)  with arguments

given by  (x, p, £) = ixq,pq, 0) and (x, p, £ ) = (xQ, po<  0).

Let the positive constants r2  and X    and the neighborhood 5ß2  of p.  be

such that Lemma 7.2 applies.   Let r} = minlr,, r2i and 1=11,0   ty2.   Thus

when p    is in $3  and 0 < £    < r? for q ». 1, 2, • • •, Q-l, one has by (7.18),

Lemma 7.2, and Holder's  inequality, for « = 1, 2, ■ • • , Q,

(7-19)

< KlK2CD(%. *„>]« + |T2 - tY K, /^ IP, - ?0I2 4' •
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Let the positive constants r.   and K,, the neighborhood 5ß4  of pQ, and T    <

t    < T     be such that Lemma 7.3   applies.   Let r   = min ir,, r A , and 5ß ■= 5(5   n

5ß ..   Thus when p    is in 5ß  and 0 < cf    < r    for «=1,2, ■ ■ ■ , Q-l, one has by

(7.19) and Lemma 7.3, for « = 1, 2, • • • , Q,

a

(7.20)
T x  9 x

<k|[£(x9,x0)]^ + ^|p9-p0|2^,/2|

where K = 2 max ! |7/2 - T Y^ K    KjKy Kj!. Hence (7.20), (7.16), and the definition

P   - P      i + £      i ix-f)    imply (7.15) for a = 2, 3, • • • , 6J.   This proves the

lemma.

8.   The finite dimensional case.   This section illustrates the application of

the preceding theory to the problem of minimizing a real-valued function / of sev-

eral real variables xl,   z = 1, 2, • ■ ■ , »,  subject to equality constraints  g   = 0,

a= 1, 2, • • •, ttz.    In many cases, calculus analogies lead nowhere.   The problem

considered here is an exception.   As mentioned in Hestenes [4, p. 307], it is not

hard to show results of this nature directly.

Let x  be a vector in «-dimensional space whose components are given by

x1,   z = 1, 2, • • • , ».   Let fix) and ga(x), a = 1, 2, •• -, ttz, be real-valued functions

of x.    The indices i and  a are always assumed to have the above ranges.   Let

f(x) and ga(x) be twice continuously differentiable in a neighborhood of the vec-

tor x   .   Let Ä.     be the Lagrange multipliers associated with x..   That is, one

has at x  ,

(8-1) /   2 + A0aW = 0-
x

We also assume the strong condition of Legendre.   That is, for any IJ ^  0  such

that gax,(x0)n! = 0, one has at xQ,

(8.2) /  .   .nTF + An  p    i ;nTF>0.
x x

In the present case, (8.1) and (8.2) constitute the sufficiency criteria (2.1) through

(2.4)1   Thus Theorems 3.1 and 3.2 imply the theorem below.

Theorem 8.1.   There are positive constants r , r., r2, C, a neighborhood A

of À-, and a neighborhood 51  of x. such that the following holds:   Let

Fix, X, a = f(x) + Xaga(x) + y2ÍC + C)gaix)goix).

Let multipliers X in A and a constant —r. <   ¿; < r2  be given.    There is x (A, ¿j) =

x    z'n 51  such that given x z'w 51, one has



NONLINEAR OPTIMAL CONTROL MINIMIZATION TECHNIQUE 381

(8.3) Fix, X, 0 - Fix*, X, 0 > r\x - x*|2.

Similarly, by Theorem 3.3, one has

Theorem 8.2.   The family x(A, cf) has two continuous Arf-derivatives.

As a consequence of Theorem 4.1, we have

Theorem 8.3.   There are positive constants t , r < r , 8, a neighborhood A  of

A , and a neighborhood 5ft  of x„   with the following property: Let multipliers

|A.. — A- | < 8 be given, and let constants  r < cf   < r    for a = 1, 2, • • •   be given.

The algorithm below is convergent in  A,

(8.4) À     . = A   +cf g(x     ,)q + l q  r ^>q6K   q+1'

where x    = x (A  , 0)  and six      ,) = p       ,   is the vector whose components are
q q' 5      q + 1        6<? + 1 r

given by g   ix       ,).    That  is , one  has
° J    ° cl      q + 1

(8.5) limx? = x0.

Analogues of the convergence estimates in §6 and Lemma 4.1 are valid.   In

particular, one can prove

Theorem 8.4.   There are positive constants r,   and r2  such that for q =

1,2,-..,

|A    - An|2 > 1A     ,-Aj2 + r,|x     ,-xn|2 + r,|p     ,|2.
1    q 0'     -  '    <? + l 01 l1   cf + 1 01 2>5q + \l    •

Furthermore, if the constraints are normal, one has   lim|A   -AJ = 0.' '    q        0 '
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